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FLOW O F  T W O - P H A S E  M I X T U R E S  IN A R O T A R Y  M I X E R  

V. V. K a f a r o v ,  A. A. A l e k s a n d r o v s k i i ,  
I .  N. D o r o k h o v ,  a n d  F .  G.  A k h m a d i e v  

UDC 532.529.5:621.929.9 

On the bas i s  of a hydrodynamic model  of a mul t ive loci ty  continuum, the flow of misc ib le  m a -  
t e r i a l s  over  the working su r face  of a mul t i s tage  centr i fugal  (rotary) m i x e r  is invest igated,  and 
the opt imal  d imensions  of the working sect ions  requ i red  to obtain a high-quali ty mix tu re  a re  
determined.  

In the operat ion of a r o t a ry  m i xe r ,  a liquid and a highly d i spe r se  solid a re  supplied to the cen te r  of the 
rotat ing sect ion of the f i r s t  s tage of the ro tor ,  and l aye r s  of the liquid, the forming mix ture ,  and the solid 
component  flow over  the sur face  of a conical  channel. Under the action of centr i fugal  fo rces ,  the solid m a -  
t e r i a l  tends to set t le  out into the liquid, and then at the edge of the sect ion all this m a t e r i a l  is d i spe r sed  
(Fig. 1). The two-phase  medium flows on through success ive  s tages  of the ro tor ,  which a re  s im i l a r  in con- 
s t ruct ion,  where  the final red is t r ibut ion  of the components  occurs .  

The motion of each l aye r  of m a t e r i a l  over  the sur face  of the spinning ro to r  is desc r ibed  by the equations 
of fluid mechanics ;  each l ayer  has  i ts  cor responding  theologica l  equation of state. The flow of pure  liquid is 
desc r ibed  by the different ia l  equations 

dVo p0 ~ -  = plOFo _:_ div T o, (1) 

where p~ and V 0 a re  the density and veloci ty  of the liquid; T O is  the s t r e s s  tensor ;  and F 0 is  the m a s s  force.  

The mix tu re  which f o r m s  const i tu tes  a two-phase  medium and can be desc r ibed  on the bas i s  of the mul t i -  
veloci ty  Rakhmatul in  model  (if d i rec t  col l is ions  and shear  s t r a ins  of the solid pa r t i c l e s  may  be neglected in 
compar i son  with the c a r r i e r  phase) by the equations [1, 2] 

~ +V (p~V~)=O, (2) 
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I. Flow d i ag ram of misc ib l e  m a t e r i a l s  ove r  work -  
ing sur face  of the r o t a r y  mixer .  

ap~ , 
- -  =- V (P.,V2) = O, 
Ot 

PflVl - -  % v P  @ V ~  --f , . ,  "- ,%F~, 
dt 

p~dV~ = _ _  ~2Vp @ f12 + P~F2, 
dt 

* .A_ * e k i .  

(3) 

(4) 

(5) 

(6) 

* a n d t ~  a re  v iscos i ty  The subsc r ip t s  1 and 2 denote the liquid and solid phases  of the mix ture ,  respec t ive ly ;  k 1 
coeff icients .  

The mot ion of the highly d i s pe r s e  m a t e r i a l  may  be r ega rded  as the motion of a ce r t a in  continuous medium 
with a given rheologica l  equation of state.  However ,  the gene ra l  p rob lem is e x t r e m e l y  compl ica ted  in this 
case ,  and t h e r e f o r e  it is  a s s um ed  that  the solid m a t e r i a l  moves  in the longitudinal d i rect ion with some 
ave raged  veloci ty  Ve[bl(l)], where  l v a r i e s  along the ro to r  gene ra t r ix ,  and there  is no re la t ive  motion at the 
m i x t u r e - - s o l i d - p h a s e  boundary. 

Let  60 be the th ickness  of the l aye r  of pure  liquid, (~i the th ickness  of the l aye r s  of pure  liquid and f o r m -  
ing mix ture ,  taken together ,  and 62 the th ickness  of all  the layers .  The a x i s y m m e t r i c  s teady flow of misc ib le  
m a t e r i a l s  is  cons ide red  in the or thogonal  axes  x i, x 2, x 3, r e la ted  to the ro to r  (Fig. 1), under the follo~ving 
assumpt ions  The effect ive  liquid viscosity, is  suff iciently large;  as  a resu l t  of the l a rge  angu la r  veloci ty of the 
ro tor ,  Vxl >> Vx2; the to ta l  th ickness  of the l aye r s  is  cons iderably  l ess  than the corresponding radius of the 
conical  ro to r  channel,  i . e . ,  R >> 62; and the Cor io l i s  fo rce  is negligible in compar i son  with the centr i fugal  
fo rces  F l and F6, where  l = x l, 6= x 2 (Fig. 1). 

With these  assumpt ions ,  the f lu id-mechanics  equations descr ibing the motion of the liquid and two-phase 
mix tu re  take the f o r m  

! 0 
_ . _ _  ( t ~ 2 )  + pop x, = 0, (7) 
R Ox ~ 

!.~ + pOF~, = o, (s) 
R Ox"- 

0 (Pro,,) + O~(Rvo~,)= O, (9) 
O x  ~ 

I O" (RT[2) --[l.~x' @ ptPz' = 0, (10) 
R Ox 2 

1 0 (R~_)__ OP --fl2x, + p~Fx ~- = O, (11)  
R Ox ~ % Ox --~ 
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Fig. 2. Compar i son  of expe r imen ta l  and calculated 
data on the to ta l  th ickness  of the l aye r s  b 2 and ca l -  
culated values  of b 1 and b0: 1) the sys tem ni t ropoly-  
e ther  + KC1; ql = 8.103 k g / s e c ;  q2 = 11.10 -3 kg / sec ;  
x = 104.7 sec-1;  2) g lyce r in  + KCI; ql = 28 .10  -3 kg/  
sec;  q2 = 18.2" 10 -3 kg / s ec ;  ~ = 84 sec -1, where i--2,  
i - -1,  i - -0  r e f e r ,  r e spec t ive ly ,  to 62, bl, and b 0 for  
the i - t h  s y s t e m  ( i = l ,  2). o.103 , m ;  r .102  , m .  

- • x  (alR:'~,) § ~ (%Rvl~:) = 0, (12) 
Ox-" 

f l2='  "+" 9.~Fx, = O, (13) 

0P (14) - - ~ ,  -~/, + fl~.,: + p,F~-- = 0, 

a (a2Rw.~,) + ~x  2 (~.,Rv~x.-) =0,  (15) 
ax 1 

a 1 --', (z., = 1. (16) 

Equations (7)-(16) desc r ibe  the mot ion of the misc ib le  m a t e r i a l s  over  the ro to r  sur face  for  any rheologi-  
cal  law of s ta te  of the medium.  

According to the hydrodynamics  o f a  mul t iphase  medium,  the phase - in t e rac t ion  force  fl2 in Eqs. (4)-(5) 
m a y  be wri t ten in the f i r s t  approximat ion  as f12 = f(V1--V2), where f = f(a 2, 7, d) is  the phase - in te rac t ion  coef-  
ficient;  ~ is  the effect ive liquid v iscos i ty ;  and d is  the cha r ac t e r i s t i c  dimension of the solid par t ic les .  Dimen-  
sional analys is  shows [3] that  [fJ = M/L3T;  [7/] = M / L T ;  and [d] = L (M, I~ and T a r e  the d imens ions  of m a s s ,  
length, and t ime).  This  leads  to the re la t ion  

f = ~ ~ (~). (17) 

It is  obvious f rom physica l  cons idera t ions  that  ~o (0) = 0, ~ (a 2) - -  ~ as ~ 2--  ~ 2o (~20 is  the " m a x i m u m -  
packing" concentra t ion of solid par t ic les ) .  The specif ic f o r m  of the function ~ may  be found exper imental ly .  
The s imples t  f i r s t  approximat ion  to the function ~ is  

r  = A ~ .  (lS) 

Using Eq. (18) in Eq. (17) gives  

11 ~ . ( 1 9) 
f = A d ~ a ~ - -  cz~ 

If the ef fec t ive  liquid v i scos i ty  77 is  l a rge  ar_d the c h a r a c t e r i s t i c  dimension d of the solid pa r t i c l e s  is  
smal l ,  it follows f rom Eq. (19) that  the coefficient  f becomes  ve ry  l a rge  beginning with a ce r t a in  value of a 2. 
Hence it  fol loes that v 1 i s  l i t t le different  f rom v 2. This  m a k e s  it poss ib le  to neglect  iner t ia l  fo rces  with 
r e s p e c t  to motion for  the solid pa r t i c l e s  in the equations of motion (13)-(14). 
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In the equations of mot ion of the two-phase  mix tu re ,  the p r e s s u r e  a r i s ing  due to s m a l l - s c a l e  p e r t u r b a -  
t ions is  a s s u m e d  to be zero ,  s ince i t  is  a s soc ia t ed  with pa r t i c l e  col l is ions  in the cou r se  of the i r  random motion 
and is  negligl ible in compar i son  with the v i scos i ty  of the liquid phase.  

In mot ion of the m a t e r i a l  ove r  the m i x e r  sur face ,  the de termining p a r a m e t e r s  a re  the veloci ty  of the 
mix tu r e  as  a whole along the r o t o r  g e n e r a t r i x  Vxl, the r a t e  of sett l ing of the solid pa r t i c l e s  in the centr i fugal  
field, the l aye r  th i cknesses  bo, 61, and b2, and the ve loc i t ies  Voxl and Vox 2. The re fo re ,  adding Eqs. (10)-(15) 
in p a i r s  g ives  the equations 

1 .  ~ (R.rU) § pFx, = 0, (20) 
R Ox 2 

_ _  0 _ _ _  O P  , 
1 . ( R ~ 2 )  T pF~: = o,  ( 2 1 )  
R ax ~ Ox "~ 

, aR (%v l . .  + %v2xO O, (22) OR (%vl., + %v:x,) ~ = 
Ox x Ox: 

which, together  with Eqs. (7)-(9), a r e  sufficient  to de te rmine  the des i r ed  values  V0xi , V0x2, and Vxl and 
desc r ibe  the mot ion of the m a t e r i a l  for  any rheological  law of s ta te  of the Liquid and the mixture .  

A s s u m e  fu r the r  that  the rheologica l  s ta te  of the liquid and the re la t ion  between the components  of the 
t e n s o r s  rk i  and e ki sa t i s fy  the rheologica l  power  law 

n-- I  

T = - -  PSik + 2klo-T-e , (23) 

which holds for  many  of the s y s t e m s  t r e a t ed  in m i x e r  devices.  He re  5ik is the Kroneeke r  delta; 12 = e~e is 

a s c a l a r  invar ian t  of the s t r a i n - r a t e  t enso r  e. Then the flow p r o p e r t i e s  can be c h a r a c t e r i z e d  by the equations 

0 [k  { OVoz~ ~-~ Ovoz ] §  
a-~ t - - ~  / 06 

a avo~ ]~-~ avo~ ]+ po& =o, a-~ [ - - - P +  2k ( ~ )  

(24) 
o (R"o6) § ~ (Rvo3 0, 
O6 O l  

0 f (OUl~rU--l Oul] 
o6 [k* k-~ ] ~ J 

+ 9Ft ~09 

where  k* is  the function giving the concentra t ion  of solid phase  in the liquid; F l = w2R s ina  ; F 8 = --w2R c o s a ;  
U i s  the densi ty  of the mix ture ;  and k, k*, n, and m a re  power - l aw  p a r a m e t e r s .  After  in tegrat ion of (24) 
with the following boundary conditions: a) v0/ = v06 = 0 for  ~ = 0; b) v l = V0l, r~o 2 = T[ 2 for  6 = 60; c) Ovl /86  = 0 
for  0 = ~1, we wilI de te rmine  the quantit ies v0/, v05 , and v/: 

n 

p~ Z (6 o - -  6) pF l (6~ - -  60) -[n+i / 

k + J ~  
k pFr(8~ _6o ) § pzOFtSo \n+~ l k 

[..,<o.-oo, +o  ,Oo 
• k : k 

( n I[ 

- I 
• If?F; 8; + oF;(8; --8;) ( 8 , - a o )  
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~ - ~ - 1 m+! m+l  j ( _ }? , (o ._o . ,  m 

+ n k k 

[ PF, (61-- 80) 1 "+' / 

! 
where  60, 6[, and F~ a r e  de r iva t ives  with r e s pec t  to l .  

The unknowns 60, 61, and 62 were  de t e rmined  using the condition of constant  flow of the solid (ql) and 
liquid (q2) components  and the m e c h a n i s m  of change in the th ickness  60: 

6, 6~ 

0 6o 

,[ 2aroOe,vfl~ + 2~r9~_o [v, (6~)] (5~ - -  ~) = q,, 

d6____~o = -- W + vo,~(~o) 

v0, (ao) 

(25) 

(26) 

(27) 

where  W =  - -  ~ 1 , - -  18~ �9 s exp ( - -  4.3699~ - -  4.557c~2)cos c~ is  the col lect ive ra te  of sett l ing of the solid p a r t i -  

c les  in the cent r i fugal  field, which is  de te rmined  exper imenta l ly ;  ~ s  is  a fac tor  de te rmined  by the shape of 
the solid pa r t i c l e s ;  P20 is  the bulk dens i tyo f the  s o l i d p h a s e ; a n d  r = R - S c o s a .  Fu r the r ,  Eqs. (25) and (27) were  
used  to obtain an o rd inary  di f ferent ia l  equation of the f o r m  d y / d / =  f(/, 60, y), where y = (6! - 60)(p/p~~ ), This  
equation and Eq. (27) were  solved s imul taneous ly  by the Runge--Kutta method,  and 62 was de te rmined  f rom 
Eq. (26). Compar i son  of the ca lcula ted  and expe r imen ta l  data showed good ag reemen t  (Fig. 2: the continuous 
l ines show calcula ted  data, while I and 1I co r r e spond  to exper imenta l  values  of 62); the m a x i m u m  d i sc repancy  
does not exceed 18-20%. By solving this  hydrodynamic  p rob lem,  the length of the g e n e r a t r i x  of the f i r s t  ro tor  
s tage which is  opt imal  fo r  high-qual i ty  mixing can be found for  one of the following conditions: a) 60 = 0; b) 
62-51 = 0; c) 6o, 61--60, and 02--61 a re  of the s ame  o rde r  as the dimensions  of the agg lomera t e s  of solid 
pa r t i c l e s .  Calculat ions for  conditions a), b), and c) showed that  m ix tu r e s  of highly d i spe r se  m a t e r i a l s  and 
viscous  liquids a r e  bes t  p r e p a r e d  in mu l t i ca scade  ro to r s  with an extended f i r s t  stage. 

The motion (flow) of the two-phase  mix tu re  in the remaining  s tages  of the ro to r  may  be descr ibed  by 
Eqs. (10)-(16). It i s  n e c e s s a r y  to de t e rmine  the longitudinal component  of the mix tu re  veloci ty  v I and the 
to ta l  th ickuess  of the l aye r s  62, which a re  impor tan t  operat ing c h a r a c t e r i s t i c s  of the mixer .  

F r o m  Eqs. (13) and (20) and the condition of constant  phase  flow r a t e s  

0---6 k , - ~ /  Jr pF,--0, 
k ~ (29) 

p2Fl + A - -  ( V l ~ -  v2z ) = 0, 

5, 8, 

.[ 2araxp~vud8 + j" 2~rp~a~v,ld~ = q, + q.2, (30) 
0 0 

fi, 

.[ = q,.  31) 
0 

Integrat ing Eq. (28) with the boundary conditions avl/O5 = 0 when 6 = 62 and v t = 0 when o = 0 ieads to an 
express ion  for  the veloci ty  v l , 

vZ=(m,-+-I }~,pF,,~]. /~: ] r,,.--L ~ ] " I" (32) 
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Fur the r ,  Eqs.  (29)-(31) give 

( tnl ) [P(~'6~"+'m' d2(%o--%)P~2%F~82=.ql+q2 

I 2mvkl 

v i 1,(2rn l + l  k; ] 82m~ =--,2~r 

(33) 

(34) 

f r o m  which 62(l) and a 2(/) a re  de termined.  

Note that  ff pure  liquid flows over  the ro to r  su r face ,  Eq. (32) becomes  the solution obtained in [4]. 

It is  a lso  poss ib le  to use  the Rakhmatul in  in te rpenet ra t ion  model ,  together  with exper imenta l  data, to 
ca lcula te  the flow of m a t e r i a l s  in o ther  m i x e r s ,  cent r i fuges ,  centr i fugal  d i f f u s e r - a t o m i z e r s ,  etc. 

NOTATION 

j, veloci ty,  mean  density,  and concentra t ion  (by volume) of the j - th  p h a s e ; / ~ ,  t rue  densi ty of the 
Vj, pj, ~ liquid s t r e s s  t ensor ;  Fj,  m a s s  fo rce  acting on the j - th  phase;  Tlki , and e ki, sJtress and s t r a in -  j - th  phase;  T, . 

r a t e  t en so r s ;  f12, phase - in t e rac t ion  force;  P, p r e s s u r e ;  R, radius  of conical  ro to r  channel; x 1, orthogonal 
coordina tes ;  p, V, densi ty and veloci ty  of mix ture ;  ~?, effect ive liquid viscosi ty ;  d, c h a r a c t e r i s t i c  dimension 
of solid pa r t i c l e s ;  w, angular  veloci ty  of ro tor ;  k, k*, n, m,  mi ,  k i ,  power - l aw  p a r a m e t e r s  for  liquid and 
mix tu re ;  ~, s e m i v e r t e x  angle of conical  channel; W, col lect ive  ra te  of  settling of solid pa r t i c l e s ;  ~s ,  f ac tor  
de te rmined  by the shape of the solid pa r t i c l e s ;  qj, m a s s  flow ra te  of j - th  phase;  r = R--5 c o s ~ ,  dis tance f rom 
axis  of ro to r  rotat ion to an a r b i t r a r y  point; p 20, bulk densi ty of solid phase.  
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CHARACTERISTICS OF FLOW BETWEEN A ROTATING 

AND A STATIC DISK IN THE PRESENCE OF 

RADIAL FLOW 

L. P. Safonov, V. M. Stepanov, 
and M. I. Drozdov 

UDC 532.526.75 

An improved  method is  p roposed  for  the calculat ion of the flow in the gap between a rotat ing and 
a stat ic  disk in the p r e s e n c e  of rad ia l  flow. The a lgor i thm of the solution is r ea l i zed  on a Na i r i -  
2 computer .  

To solve a number  of p rob l em s  assoc ia ted  with the hydraulic  c i rcula t ion  sect ion of a mul t i s tage  turbine 
with disk r o t o r s  and, in pa r t i cu la r ,  to calcula te  the axial  f o r ce s  and t e m p e r a t u r e  s tate  of the ro to r s  of a 
s t e a m  turbine,  it is  n e c e s s a r y  to know the rad ia l  dis t r ibut ion of the p r e s s u r e  of the medium in the gap between 
a rotat ing disk and the cor responding  stat ic e lement  (diaphragm, casing). An approx imate  solution of this  
p rob lem was obtained in [1] and subsequently ref ined in [2-4]. In [5], the re  was fu r the r  development  of the 
method of calculat ing the p r e s s u r e  dis t r ibut ion along the disk radius  in the p r e sence  of rad ia l  flow, but the 
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